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How do we know what a discrete system does to a signal?
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The z-transform
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Simple z-transform examples

X(z) =
∞∑

n=−∞
x[n]z−n

x[n] = δ[n]

x[n] = {1
↑

, 2 , 3 , 3}

x[n] = {1 , 2 , 5
↑

, 7 , 0}



A function taking a complex number
and produces a complex number:

X(z) = z

X(z) = 1
z − 0.58

Region of convergence (ROC). The z-transform exists only for those values of z for which the
infinite sum converges. For a particular signal x[n], the values of z for which this is true is the
region of convergence (ROC) of the z-transform X(z).



Another z-transform example

n

x[n] = anu[n] with 0 < a < 1

· · ·

1

Identities:
N−1∑
n=0

rn = 1 − rN

1 − r

∞∑
n=0

rn = 1
1 − r

for |r| < 1



Discrete time-domain ⇔ z-transform
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h[n] = δ[n]

H(z) = 1

· · ·
all z
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h[n] = δ[n− k]

H(z) = z−k

· · · z ̸= 0

z ̸= ∞
k



Discrete time-domain ⇔ z-transform

n

h[n] = anu[n]

H(z) =
1

1− az−1

· · ·
|z| > |a|

1

1

n

h[n] = u[n] cos(ω0n)

H(z) =
1− (cosω0)z

−1

1− (2 cosω0)z−1 + z−2

|z| > 1



Properties of the z-transform
• Linearity:

Z{αx[n] + βy[n]} = αZ{x[n]} + βZ{y[n]}

• Time shift:
Z{x[n − k]} = z−kZ{x[n]}

• Convolution:
Z{x[n] ∗ y[n]} = Z{x[n]} · Z{y[n]}

• Initial-value theorem:

if x[n] = 0 for n < 0 then lim
z→∞

X(z) = x[0]

• Final-value theorem:

if x[n] = 0 for n < 0 then lim
n→∞

x[n] = lim
z→1

(z − 1)X(z)



Final-value theorem example
Theorem:

if x[n] = 0 for n < 0 then lim
n→∞

x[n] = lim
z→1

(z − 1)X(z)

Example:
x[n] = u[n] ⇔ X(z) = 1

1 − z−1


