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Relationship between z-transform and Fourier transform

DTFT: X(ω) =
∞∑

n=−∞
x[n]e−jωn z-transform: X(z) =

∞∑
n=−∞

x[n]z−n
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Frequency response
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Proof for frequency response

x[n] = ejωn

y[n] = x[n] ∗ h[n]



Frequency response: z-plane interpretation

H(z) = b0zN−M

∏M
k=1(z − zk)∏N
k=1(z − pk)

Frequency response:

H(ejω) = b0ejω(N−M)
∏M

k=1(ejω − zk)∏N
k=1(ejω − pk)

Magnitude response: ∣∣H(ejω)
∣∣ = |b0|

∏M
k=1

∣∣ejω − zk

∣∣∏N
k=1 |ejω − pk|

Phase response:

∠H(ejω) = ∠b0 + ω(N − M) +
M∑

k=1
∠(ejω − zk) −

N∑
k=1

∠(ejω − pk)



Frequency response examples

H(z) = z − z1

Unit circle
Im {z}

Re {z}



H(z) = 1 − az−1

(1 − cz−1)(1 − c∗z−1) = z(z − a)
(z − c)(z − c∗)
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