Discrete-time Fourier transform (DTFT)

And a case study on sampled sinusoids

Herman Kamper
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Mathematical model of sampling
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Frequency domain: X5 (8)
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Discrete-time Fourier transform (DTFT)
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Inverse discrete-time Fourier transform (IDTFT)
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The original X(f) can be recovered by convolving Xs(f) with an impulse train:

Xo(f) = Xs(H) D 0(f —kfs)
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Therefore we can write the inverse Fourier transform of X,(f) as

Fl{Xs(f)}=f1{Xs(f)}'f1{ > 5(f—krfs)}
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The first term in the last equation is
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and the second term is
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Combining these, we obtain:
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This equation describes a continuous function sampled by multiplication with an impulse train
with an impulse every 1/f, = T seconds. The sequence x[n] is the strength of these impulses:
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We therefore have:
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Converting the integration over variable f so that we instead integrate over f,, = f7T, we obtain
the inverse DTFT:
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The second version is just expressed in terms of discrete angular frequency w = 27 f,,,.



Case study: DTFT of a sinusoid
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Continuous vs discrete-time frequency

x(t) = cos(27 fot)
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300 Hz signal sampled at 2000 Hz:
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Periodicity of sampled exponentials

N
Discrete-time signal z[n] periodic with N if: z[n] = x[n + N] for all &
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Two sinusoidal signals:

Aliasing of sinusoidal signals
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DTFT pairs

Discrete-time domain Frequency domain
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Discrete-time domain

Frequency domain
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Operations on discrete-time signals

Time shift:

x[n — 2] x[n + 2]

Unshifted signal Delayed by 2 samples Advanced by 2 samples

Reflection:

x[—n)]

Unreflected signal Reflected about n =0



Time-shifting and reflection are not commutative:

Original Delay 2 Reflect

x[n] x[—n + 2]

Original Reflect Delay 2



Properties of the DTFT

e Linearity:
Flazi[n] + fran]} = aX;(w) + X2 (w)

e Time shift: ‘
Flzn—k|} = efj“’kX(w)

e Time reversal and frequency reversal:

Flal-n]} = X(-w)

e Convolution:
Flai[n] * z2[n]} = X1 (w) - Xo(w)

e Windowing:
Flai[n / X1(A\) - Xo(w —A)dA



