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Mathematical model of sampling



Discrete-time Fourier transform (DTFT)



Inverse discrete-time Fourier transform (IDTFT)
Define X̂s(f) to correspond to a single
period of Xs(f):

X̂s(f) =
{

Xs(f) for − fs

2 ≤ f ≤ fs

2
0 otherwise

The original Xs(f) can be recovered by convolving X̂s(f) with an impulse train:

Xs(f) = X̂s(f) ∗
∞∑

k=−∞

δ(f − kfs)

Therefore we can write the inverse Fourier transform of Xs(f) as

F−1{Xs(f)} = F−1{X̂s(f)} · F−1

{ ∞∑
k=−∞

δ(f − kfs)
}



The first term in the last equation is

F−1{X̂s(f)} =
∫ ∞

−∞
X̂s(f) ej2πft df =

∫ fs/2

−fs/2
Xs(f) ej2πft df

and the second term is

F−1

{ ∞∑
k=−∞

δ(f − kfs)
}

= 1
fs

∞∑
n=−∞

δ

(
t − n

fs

)

Combining these, we obtain:

xs(t) = F−1{Xs(f)} =
[∫ fs/2

−fs/2
Xs(f) ej2πft df

]
·

[
1
fs

∞∑
n=−∞

δ

(
t − n

fs

)]

This equation describes a continuous function sampled by multiplication with an impulse train
with an impulse every 1/fs = T seconds. The sequence x[n] is the strength of these impulses:

x[n] = x(nT ) = 1
fs

∫ fs/2

−fs/2
Xs(f) ej2πfnT df



We therefore have:

x[n] = x(nT ) = 1
fs

∫ fs/2

−fs/2
Xs(f) ej2πfnT df

Converting the integration over variable f so that we instead integrate over fω = fT , we obtain
the inverse DTFT:

x[n] =
∫ 1/2

−1/2
X(fω)ej2πfωn dfω

= 1
2π

∫ π

−π

X(ω)ejωn dω

The second version is just expressed in terms of discrete angular frequency ω = 2πfω.



Case study: DTFT of a sinusoid

t

f

X(f)

fω

X(fω)

−f0 f0−fs fs



Continuous vs discrete-time frequency

t

x(t) = cos(2πf0t)

x[n] = cos(2πfω0
n)



300 Hz signal sampled at 2000 Hz:



Periodicity of sampled exponentials

Discrete-time signal x[n] periodic with N if: x[n] = x[n + N ] for all N



Aliasing of sinusoidal signals

f(kHz)−3 3 −13 13 f(kHz)

Sample both at fs = 10 kHz:

fω fω

Two sinusoidal signals:







DTFT pairs

Discrete-time domain Frequency domain

n

h[n] = sin(2πf0n)

1

− j
2

f0

H(fω) Imaginary

fω−f0

j
2

− 1
2

1
2



Discrete-time domain Frequency domain

n

h[n]

1

−L L

2L+ 1

1
2L+1

2
2L+1

−1
2L+1

H(fω) =
sin(π(2L+1)fω)

sin(πfω)

fω

Real

1
2− 1

2

n

h[n] =

∞∑
k=−∞

δ[n− kN ]

1

N 2N 3N−N−2N

H(fω) =
1

N

∞∑
k=−∞

δ

(
fω − k

N

)
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2

1
N

2
N

3
N



Operations on discrete-time signals
Time shift:

n

x[n]

Unshifted signal Delayed by 2 samples Advanced by 2 samples

n

x[n− 2]

n

x[n+ 2]

Reflection:

n

x[n]

Unreflected signal

n

x[−n]

Reflected about n = 0



Time-shifting and reflection are not commutative:

n

x[n]

Original

n

x[n− 2]

Delay 2

n

x[−n− 2]

Reflect

n

x[n]

n

x[−n]

Original Reflect Delay 2

n

x[−n+ 2]



Properties of the DTFT

• Linearity:
F{αx1[n] + βx2[n]} = αX1(ω) + βX2(ω)

• Time shift:
F{x[n − k]} = e−jωkX(ω)

• Time reversal and frequency reversal:

F{x[−n]} = X(−ω)

• Convolution:
F{x1[n] ∗ x2[n]} = X1(ω) · X2(ω)

• Windowing:
F{x1[n] · x2[n]} = 1

2π

∫ π

−π

X1(λ) · X2(ω − λ) dλ


