Summary: Digital signal processing

Herman Kamper
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Continuous signals
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Fourier transform

Fourier transform of h(t):

F{ht)} = /_ h h(t)e # It At = H(f)

Inverse Fourier transform of H(f):
FUH(PY = [ HDe 4 = bt

Properties of the Fourier transform:
* Linearity:

Flax(t) + py(t)} = aF{z(t)} + BF{y(t)}

e Symmetry:
if F{h(t)} = H(f) then F{H(t)} = h(—f)

¢ Time shift:
Fla(t —to)} = e‘jzﬁfto}"{x(t)}

* Time-frequency scaling:

if F{h(t)} = H(J) then F{h(at)} — ’é' H(f/a)

e Convolution:

— Time-domain convolution corresponds to frequency-domain multiplication:

F{h(t) xx(t)} = F{h(t)} - F{z(t)}

— Frequency-domain convolution corresponds to time-domain multiplication:

FLh(t) - ()} = F{h(t)} » F{z(t)}
* Even and odd functions:
- If h(t) is real, H(f) has even real and odd imaginary parts

- If h(t) is real and even, H(f) is also real and even:

(e 9]

Fih(t)} = Ho(f) = / he(t) cos(2r ft) dt

—00

- If h(t) is real and odd, H(f) is imaginary and odd:

Flho()} = Hy(f) = —j /_ () sin(2r f1) dt

o0



Fourier transform pairs:

Time domain

Frequency domain

= Acos 27Tf0t)

AP
\/ %

h(t) = AS(2)

TP

—oT-T | T 2T 3T

h(t) = {64

if —To<t<Ty
otherwise
A

A

H(f) 1 Re Real
T
—Jfo fo J
H(f) Im Imaginary
_________ la
T 2
fo
o l -/
_AL
2
H(f)
A
- f
H(f)
T
1 o/
T T T
H(f) = 24Ty 7
2ATy--
1.3
2Ty 2To
R aN] - f
VARV




Analog-to-digital conversion

Signal-to-quantisation-noise ratio:

P,
SQNR = 101og; -

q

For sinusoidal signal with amplitude aR/2:

SQNR = 6.02B + 201og;, o + 1.76

Discrete-time Fourier transform (DTFT)

DTFT:

IDTFT:

Properties of the DTFT

* Linearity:

¢ Time shift:

* Frequency shift:

e Time:

* Conjugation:

e Convolution:
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X(fo) = 3 afpleetor

n=—oo
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Flaaifn] + Bralnl} = aXi(w) + 5Xa(w)
Flaln = K} = X ()
F{eHalnl} = X(w = w)

Fal-nl} = X(-w)
Fla'nl} = X" (~w)

Fa[n] x waln]} = Xy (w) - Xo(w)



* Windowing:

1 ™
F{xi[n] - z2[n]} = gy X1(AN)Xo(w — A)dA
* Differentiation: 5
ol =X
Final-nl} = j—X ()
DTFT transform pairs:
Discrete-time domain Frequency domain
h[n] = sin(27 fon) H(f,) Imaginary
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Discrete Fourier transform (DFT)

DFT of h[n]:
N-1
H[k] = DET{h[n]} =  hln]e />N
n=0
IDFT of H[k]:
N—
h[n] = IDFT{H|k] Z (] e72mkn/N

i -

Properties of the DFT:
* Periodicity: Both h[n| and H k] are periodic with same period N
hin] = hin+iN| and H[k] = H[k + iN] i € integers

* Linearity:
DFT {ax[n] + By[n]} = aDFT{z[n]} + SDFT{y[n|}

* Symmetry:
if DFT{h[n]} = H[k] then DFT{H|[n|} = N - h|—k] = N - h[N — k]

* Even and odd time sequences:

If h[n] is even, then h[n] = h[—n] = h[N — n]

If h[n] is odd, then h[n] = —h[—n] = —h[N — n]
]
]

If h[n| is real, H[k] has an even real and an odd imaginary part
If h[n| is real and even, H [k] is also real and even:

DFT{h.|n Z he[n] cos(2mkn/N)

If h[n| is real and odd, H k]| is imaginary and odd:

DFT{h,[n]} = H,[k] = —th sin(2rkn/N)



e Time reversal:

DFT{z[—n|} = DFT{z[N —n]} = X[N — k| = X[—k]

* Complex conjugate:

DET identities:

o Ifx[n] =
Xolk] =

DFT pairs:

DFT{z*[n|} = X*[N — k]

x1[n] + jxo[n] then X [k] = 1 X
= LX[k] — XN — &]

[k] + LX*[N — k] and

Discrete-time domain

Frequency domain
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Im#4 Imaginary, odd
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Discrete convolution

Discrete convolution of A[n] and z[n]:

hln] afn] = 3 hlileln—i]

Circular convolution: N1
h[n] %x[n] = h[i)Z[n — i]
= - [ilh[n — ]

Convolution and the DFT:

DFT{e[olyln]} = - DFT{z[n]} & DFT{yfn]}
DFT(x[n] @ yln]} = DFT{x{n]} - DFT {y[n]}

Discrete energy signals

Parseval:

Power density spectrum: S,,(w) = | X (w)[?

Cross-correlation:

raylil = Y wnlyln —i] = Y zn+ily[n]

n=—oo n=-—o0o

Cross-correlation and convolution: x[i] * y[—i] = ry,[i]
Cross-correlation in frequency domain: F {r,,[i]} = X (w)Y (—w)
Cross-correlation symmetry: r,,[i| = ry,[—i]

Cross-correlation via DFT after zero padding: DFT {r,,[i]} = X[k] Y*[k]

Autocorrelation: . .
reali] = Y z[nlzln —il = Y aln+iz(n]
Autocorrelation and energy: r,,[0] = Z 2*[n] = E,



Autocorrelation in frequency domain: F {r,,[i]} = | X (w)|
Autocorrelation via DFT after zero padding: DFT {r,.[i]} = X[k] X*[k] = | X[k]|?

Bounds:
|rm[ H < TM[O] =L,

|Tocy | < Tzz Tyy = E; E

Discrete power signals

Parseval:
| N | N )
2
Py =) laln]] ZWZ\XW’
n—=0 k=0
) 1 2
Power density spectrum: S, [k] = N | X [k]|

Cross-correlation:

. . 1 :

Cross-correlation and convolution: xi] ® y[—i] = Nryyli]
Cross-correlation in frequency domain: N - DFT {r,,[i]} = X[k] Y*[k]
Estimating cross-correlation from windows:

Taylt] = E y[n — 1

nelC

Autocorrelation:

M
. . 1 )

Autocorrelation and power: 7,,[0] = P,
Autocorrelation in frequency domain: N - DFT {r,,[i]} = NSy, [K]

Correlation of periodic signals with period N:

ol = 1 3 alnlylo —
Tezlt] = % g x[n|x[n — i



Bounds:
722[1]| < 722[0] = P,

[Py li]] < /722 [0)ryy [0] = / P P

Discrete-time systems

Time-invariant system:
if T {z[n]} = yln]
then 7T {z[n —k]} = y[n — k]

N N
Linear system: T{ Z Q;T; [n]} = Z a; T {z;[n]}
i=1 i=1

o

Linear time-invariant (LTI) system: y[n] = x[n] x h[n] = Z hli]z[n — i

1=—00

Causal LTT system: h[i] = 0 foralli <0

BIBO-stable LTI system: Z |h[i]] < o0

1=—00

Linear constant-coefficient difference equation (LCCDE):

y[n] = — Zaky[n — k] + Zbkx[n — K]

LCCDE direct form I:

z[n] b > ()

bl —aq

bg —a2

I b —ay A
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LCCDE direct form II:

z[n] > bo y[n]
271
—aq b1
271
—as bg

—an bN

I by

Overlap-and-add procedure:
* Choose a suitable block length L
» Zero pad h[n] tolength N > L+ P — 1
* Calculate H[k| = FFT{h[n]}

* For each L-sample block of the input sequence:

Zero pad to length N
Calculate the FFT

Multiply with H [k]

Calculate the IFFT

- Add to y[n], overlapping the last N — L samples
* Final result: y[n]

Cross-correlation between LTI system input and output: r,,[i| = h[i] * 75, []
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The z-transform

The z-transform:

Properties of the z-transform:

* Linearity:
Z{azx[n] + Py[nl} = aZ{z[n]} + FZ{y[n]}

e Time shift:
Z{zln — K|} = 27" Z{z[n]}

* Time reversal:
if Z{x[n]} = X (z) then Z{z[-n|} = X(1/2)

* Convolution:
Z{z[n] xy[n]} = Z{z[n]} - Z{y[n]}

e Correlation:

if Z{z[n]} = X(z) and Z{y[n]} = Y (z) then Z{r,,[i]} = X (2)Y (z7")

¢ Initial value theorem:

if z[n] = 0 for n < 0 then lim X (2) = x[0]

Z—00

¢ Final value theorem:

if z[n| = 0 for n < 0 then lim z[n| = lim(z — 1) X (2)

n—00 z—1
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Pairs of z-transforms:

Discrete time-domain < z-transform

H(z)=1
all z
H(z)=z7F
z#0
z # 00
1
H p—
(2) 1—2z-1
|z| > 1
1
H —
(2) 1—az"!
2] > |al
~1
az
)= ———
() (1—az‘1)2
2] > |al
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Discrete time-domain < z-transform

hin] = uln] cos(won)

A
1 — (coswg)z~!
H(z) =
n H() 1—(2coswp)z—t + 272
|z| > 1
h[n] = u[n] sin(won)
A
(sinwp)z !
H =
(2) 1—(2coswp)z—1 + 272
|z| > 1
14 hin] = uln]a™ cos(won)
n H(z) = 1 — (acoswp)z™t

- 1—(2acoswp)z! 4 a2z 2

2| > |al

(asinwg)z~!

H =
(2) 1—(2acoswp)z=t 4+ a?z72
hin] = u[n]a™ sin(won)
2| > |al
Transfer function of LCCDE system:
M _
H(z) = NV Lmob2
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Partial fraction expansion steps:

1. If M > N, use long division to get to M < N (do this with powers of 2~ 1)
Convert equation to have positive powers of z
Factorise X (2)/z

Do partial fraction expansion

A

Convert back to powers of 271
6. Inverse by inspection using known z-transform pairs
Complex conjugate poles:

A A*

2uln] - |A| - |p|" cos(Lp - n + LA) & ot + Fp——

Discrete filters

All-pass filter:

2N fan 127D a0z V2D 4 a2z +ag

l+ay_1zt+ay_o9z 24+ ... +arz= V-1 4 gozN
N, _ Ne _ — *
:H 2 -y H (7' =Bz = BY)

k=0 (

1—opzt 2 (1= Brz= ) (1 — Biz71)

H(z) =

Bilinear transform (K > 0):

11—271
s = —

K1+2z1

1+ Ks
z =

1—Ks

Butterworth LPF of order N has magnitude response:

—_

|He ()" = W

with N poles at
N+1+42k

sp=Q v fork=0,1,..., N —1

Continuous to discrete filter design procedure:

1. Specification in discrete time

.. . . . 1 w
2. Pre-.warp sp§c1ﬁcat1(?n frgquenmes ) = ~tan (5) o
3. Design continuous-time filter to pre-warped specification

4. Substitute bilinear transform s = =
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Filter transforms:

* Low-pass to low-pass transform:

g(z7h) =

* Low-pass to high-pass transform:

P e
1+ ozt
cos (25

Wp—wq )
COS (—2

g(z7!) = -

o = —

* Low-pass to band-pass transform:

k=1 _ 2ak —1 —2
(1) = — k£ e TF
g - 1 — 2ak2 1y k—1 52
k+1 k+1

cos wdu+wd1 )

e
= on () 1o ()

* Low-pass to band-stop transform:

T R
—1y _ 1tk kt1
9(z7) = 1 — 20 -1 4 1=k,
k+1 1+k
COS (wdu;-wdl)
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