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Vector and matrix derivatives recap (Denominator layout) 3T
EAN)

Derivative of a scalar function f : RV — R with respect to vector x € R":
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Derivative of a vector function f : RY — RM, where

FX) = [fi(x) fa(x) -~ fau(x)] ", with respect to vector x € RY:
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Derivative of a scalar function f
with respect to matrix X € RM*¥:
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Using the above definitions, we can generalise the chain rule. Given
u is a function of x, and g in turn is a vector function of u, the
vector-by-vector chain rule states:

dg(w) _ dudg(u)  Order
99" ox  Ox Ou makbters |
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This generalised chain rule comes from the chain rule for

multivariate functions. For scalars where g depends on u; and us, Twe cloia rule of

which in turn depends on x, we have: Scalars:
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Gradient descent recap AT
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Logistic regression, softmax regression, basis functions recap

1
e Prediction function: fw(x)=oc(w'x) = — Ta
l4e™W X
W
e Interpret function as: fw(x) = Pw(y = 1|x) S ~./‘
e With labels y € {0, 1} minimise the negative log likelihood: N .\\\.\.
N (ved) E EEE = S o
T(w) = ~log [ Puly™|x") B
n=1
N
= > [y log fw(x™) + (1 = y™) log (1 — fuw(x™)),
n=1

S oft max re(.jcq.bs'mn-. Y €141, ...,KS

o aaw) o, Y
e Gradient: — g™ — £ (x™)) x() Basis functions:
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Binary classification of irises
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Source: https://en.wikipedia.org/wiki/Iris_flower_data_set



Logistic regression

Petal width (cm)
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Logistic regression
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Nonlinear logistic regression
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Nonlinear logistic regression
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Nonlinear logistic regression
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Binary logistic regression
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with basis functions as a neural network
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(ortificial)
Why is it called a neural network?
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Psychological Review
Vol. 65, No. 6, 1958

THE PERCEPTRON: A PROBABILISTIC MODEL FOR
INFORMATION STORAGE AND ORGANIZATION
IN THE BRAIN'!
F. ROSENBLATT

Cornell Aeronautical Laboratory

If we are eventually to understand
the capability of higher organisms for
perceptual recognition, generalization,
recall, and thinking, we must first

hawve aneuwrare +n threa fuiindamental

and the stored pattern. According to
this hypothesis, if one understood the
code or "‘wiring diagram’’ of the nerv-

ous system, one should, in principle,
ha ahla tn diecnver avactlvy what an
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Example: Binary classification with a feedforward neural network

e How do we fit the parameters of our binary classification model?

As usual: Use gradient descent to minimise the negative log Iikelihood
A(\) t«\

e If we have a single training item (x(™, 3(™);

AC\) e EO {3 s;q)
“ Ut'\\"
J(0) = — [y(”) log ™ + (1 — y™ )log 1—

L’JL‘ 3 ko

e Need g—ﬁ, where u is each of the parameters: 37
= .
cy = -
&= { wll bl w2 pl2 g >w

e The backpropagation algorithm gives a principled procedure to obtain these gradients:
Apply the chain rule while reusing previously computed results.



The backpropagation algorithm (without forks)

e Represent your neural network as a computational graph.

e Forward pass: Start at the inputs and calculate the output of
each operation in the graph. Store these values.

e Backward pass: Start at the output of the graph and move

backwards. For each operation: 33 1 33
(a) Determine and calculate the derivative of the output >V ar S O
variable w.r.t. each of the input variables to the operation. B -
(b) For each input variable u, set v
5 — dJ 0z dJ 0]
Y 0u  Ouoz —>Z A
where z is the output of the operation taking u as input. ,{82 9.7
u e 2T
e Use the calculated derivates to do take a gradient step to du  Ou 0z

update the parameters. Repeat from the forward pass.
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Binary classification of irises using our neural network

Petal width (cm)
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Binary classification of irises using our neural network

Iris versicolor
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Multilayer feedforward neural network

hidden layer 1 layer I, — 1 activation
A
r A l S
[1] [1] [L—1] L] L]
x— O [ 9O P
T e ——
wll plil w2 b2l Wl il § e
51]—61]@9(2”)
Tam 5 [ = Jz[z
9(-) Sy = 0, all =17
TZ[” O -1 = W[l]sz[z]
Wi
bl —* These equations are sometimes combined:
Ta[zu
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Why this (cool) graph formulation?

Adding additional structure is easy:

e As long as we know the derivative of a
single operation, the gradient computation
is fully specified by the graph.

e Each node just needs to know how to
compute its output and how to compute
the gradient w.r.t. its inputs the—gradrertt

3.

e,

class MultiplyGate(): S
J

def forward(x, y):

Z = X*y

self.x = x

self.y =y

return z )
Sx:' P}

def backward(delta_z): _
delta x = self.y * delta_z

v
delta.y = self.x * delta_z

return [delta x, delta_y]

9 s,

[

A



Why then study backprop if the software can do it?

e In some very simple cases, you might not want to have to rely on (the bulky)
Py Torch or Tensorflow.
E.g. the gradients for word2vec is relatively straightforward.

e Sometimes you might want to introduce a new computational operation and then
you might need to implement the gradient computation.

e More often: You are hacking parts of the gradient computation for an existing block
and need to modify it.
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A general notation

7\—> t
In all of the above, for arbitrary variable U going in to operation with output Z, u./v ./__1
the error signal dy is obtained as some kind of product between 2—6 and % = 07.
0
e With vectors as inputs and outputs: dp, = e 0 YT _ 3 2T
Ob %“:' JA T dA T p2
. 0/ _ -
e But sometimes the order between U and d7 flips: O0w = 90, x

e Or we have to take the transpose: dg = §GA

Let’s capture all of these with the new prod operator:

5 8_,]_ d(a—z 8_J> ollﬁ.o.'i
U — %\ gy’ oz

o7z
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prod (55.62)
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The backpropagation algorithm (now with forks)

e Initialisation:
Set accumulators to zero for all input variables: dy < 0

e Forward pass: Start at the inputs and calculate the output of
each operation in the graph. Store these values.

e Backward pass: Start at the output of the graph and move

backwards. For each operation: 32 N D2
(a) Determine and calculate the derivative of the output LAY e v

variable w.r.t. each of the input variables to the operation.

Y. \
07z 6)J) .
to ItS

(b) For each input variable U, add prod (%, 57

accumulator, i.e.

07 ,/
oy < Oy + prod (— 52) U prod (az, (52>

oU’
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The art of neural networks

e Sometimes useful to scale inputs.

e Instead of vanilla gradient descent, we often use advanced forms of mini-batch gradient
descent (Adam is popular at the moment).

e Different initialisation strategies, e.g. https://arxiv.org/abs/1811.00293.

e Overfitting: Can combat using standard regularisation, but often rather just use dropout
or rely on SGD with early stopping.

e Need to choose number of hidden layers and number of units per layer, and often many
more hyperparameters.

e Often make architecture choices (e.g. skip connections) to deal with optimisation
problems (e.g. exploding or vanishing gradients).



Named entity recognition

last night Paris Hilton wowed in a sequin gown
PER  PER

Samuel Quinn was arrested in the Hilton Hotel in Paris in April 1989

PER PER LOC LOC LOC DATE DATE
Tag Description Example
PER People, characters Shannon is a giant of information theory.
ORG Organisation The ICC is the governing body of cricket.
LOC Location Mt. Sanitas is in Sunshine Canyon.
GPE Geo-political (countries, states) Petrol prices are going up in South Africa.

DATE Days, months, years Micah was born in April.




We want to classify the entity of Paris in the sentence:

anywhere in Paris museums are great

Je—
- |

Use a window of words around the centre word:

_ T T T T
Xwin = [ Xin Xparis™ — Xpuseums ]
Fo(Xwin) = softmax(z!?l)

718l — WBlg2l EEEER

Wil
al?l = g(WzlH 4 pi2) @@
Wiz hcr-]
zlll [000000 000000 000000]

 }
cat
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wilw
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Neural language models

A long long 'Eime ago in a ...

aardvark
galaxy
land
Z00

Tk

0000000000000
A

0000 0000 O©OOCOO 0o0O0O

A

(CO@0O---0| @000 booo - O| booo

time ago

X1 X2 X3 X4

Output distribution
fo(x1.4) =y

— softmax(W2h + b))
e [0, 1]V

Hidden layer
h = g(Wlle + bl)

Concatenated word
embeddings

e = [e1;ez;e3;ey]

- 0| One-hot word vectors
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